Kincoppal-Rose Bay, School of the Sacred Heart
Mathematics Extension 1/Extension 2 Common Internal Examination, 2004

Question 1 (12 marks)

(a) Find the point P which divides the interval joining (2,-3) and (3,4) externally
in the ratio 3:2.

X >1.

b Sol
(b) ovex_2

(c)  Evaluate lim tan 4x
x—=0  3x

(d) A curve has parametric equations X =sin®, y =2cosec’ 8.
Find the cartesian equation.

3X

(e) Use the substitution X =u”—1 to show that ;
X+

dx =2vx+1(x-2)+C.
Question2 (12 marks)  Use a SEPARATE writing booklet.

(a) Sketch y = %cos_I g , clearly showing the endpoints

(b)  Find %(tan" JX )

2
() Evaluate J ! dx

0 V8—X?

(d) Find the coefficient of X’ in the expansion of (3 - )4.

() (i)  Express cosx++/3sinx in the form Acos(X—a) where a is in radians.

(i)  Hence solve cos X+ J3sinx=1 for 0<x<27x.
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Question 3 (12 marks)  Use a SEPARATE writing booklet. Marks
(a) How many nine letter arrangements can be made from the letters of the

name NEEDLEMAN? 2
(b) Find the exact value of cos(tan1 %j 2
(©) Find the size of the acute angle (to the nearest minute) between the tangents drawn to

y=logxatx=1andx=3. 2
(d) (1) In a family of 3 children explain why the probability of 3 girls is ’s. 1

(i1) If there are 7 families with 3 children, find the probability that four

families have 3 girls. 2

(e) Prove by mathematical induction that 7" + 3" is divisible by 10 when n is 3

an odd integer.
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Question 4 (12 marks)  Use a SEPARATE writing booklet. Marks

(a) O is the centre of the circle and M is the midpoint of the chord CD. 3
Prove that ZOMC =90°

i

b)) () The points A and B are the points of intersection of the circle x> +y* =1 2
and the line y = X. Find the coordinates of A and B.

(i)  Draw a diagram that illustrates your answer in (i). Draw six different circles 1
that pass through A and B.

(ii1))  The centres of the circles you have drawn are collinear. Using part (a) 2
of this question, prove that all the centres of the circles you have drawn

must lie on the line y = -x.

(iv)  Let H (u, -u) be the centre of one of these circles which passes through A and B. 2
Show that the equation of this circle is (X —u)2 +(y+ u)2 = 2(u2 + 1)

(v) Find the equation of the circle passing through A, B and the point (4,-1) 2
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Question5 (12 marks)  Use a SEPARATE writing booklet. Marks
(a) A leadership committee of 2 boys and 3 girls is to be chosen from 5 boys and 4 girls.
(1) How many different leadership committees can be chosen? 2

(i1) What is the probability that 2 particular boys and 1 particular girl will be chosen? 2

(b) An arc AB of a circle subtends an angle of & radians at the centre.
The length of the arc is ¢ and the length of the chord is d.

(1) If ¢/:d=4:3, show that 36’—8sin§=0. 3
(i1) Using 8= 2-5 as a first approximation, use Newton’s Method once to find 3

a second approximation (correct to 3 decimal places) to the solution of the
equation in (i).

(iii)  Is the second approximation a better solution than the first approximation? 2
Use a numerical argument to justify your answer.
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Question 6 (12 marks)  Use a SEPARATE writing booklet. Marks

(a) T(2t,t2) is a point on the parabola x> =4y whose vertex is O. N is the foot of the
perpendicular from T to the X-axis. The perpendicular from N to OT meets OT at P.

P T
“ p o 3 N >

(1) Copy the diagram into your answer booklet.

(i1) Write down the coordinates of N. 1
(ii1))  Determine the equation of OT. 2
(iv)  Determine the equation of PN. 2
(v) Determine the coordinates of P. 2
(vi)  Find the locus of P is satisfied by x* +y* —4y =0 and give a geometrical 3

description of the locus.

(vii)  Sketch the locus of P on your diagram. 1
(viil)  Which point will be excluded from the locus? 1

(b) The roots of X’ +ax’ +bx+c = Oare in arithmetic sequence. By denoting the roots as
a—d,aanda +d prove that:

(1) one of the roots is —% 1
(i) 2a’-9ab+27c=0 2
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Question Seven (12 marks)  Use a SEPARATE writing booklet. Marks
(a) Find the exact value of X if log,(2log, X) =1. 2
(b)

In the diagram above ABOP has a right angle at O, OA is 6 units, AB is 2 units and ZBPA is 6.

(i) Show that 0 =tan"' >—tan"' 2 | 2
X X
.. .. do
(i) Show thatif =0, then X~ 43. 4
X
(iii)  Deduce that when X =4+/3 then 0 = % 2
(iv)  Without using calculus, do you think 6 = %would be the minimum or 2

maximum value of &? Justify your answer.
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Mathematics Extension 1/Extension 2 Common Internal Exammatxon 2004 - Solutions

Questlon One

(@) ¥ = b, +Ix, _ kb, +ly
k+1 k+1
x__9—4 _12+6

3-2 Y733

P=(5,8)

0 sl w2
x—2
Let. 3x 2-—1 Testx=-3v
3x=x-2 Testx=0v
x=-1 Testx=3v
x<-l,x>2 .-

fa—-‘z-1o -

='1><£
3
4
-2
Question Two
(2)
-3 EJ A
( @

.Y

(d) x=sind,y=2cosec’d

_ 2
Y sin’ 4

2
y=—

(e) x=u"-1—di= 2dy

fﬁidx 3 )Z’,udu
Vx+l Vut-1+1

=6f (u;l) wcdu

=21 —6u+C

e

=2(x+1)* ~6(x+1)f+C
=2(x+1)*[(x+1)-3]+C

=2Vx+1(x~2)+C []

2 1 4 X 2
dx = ——im ..‘/
© J 0 V8—x? [Sm 2'\/5:[0

=sin™ Z‘\Z/E ~sin™ 0
7
@ (3-2)
coefficient of ¥’ = *C,3' (~1)°[v].
=-12
) @

cosx++/3simx=Acosxcosa+4dsinxsina

Acosa =1, Asing =3 —» tangy =—l-,czc=-ﬂ3E

V3

Asm—s—-—w/_—)»A 2. cosx+x/_smx ZCOS[JC—-?;-

(ii) 2005(::—-—7;—)=1
=0,%% 27
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Question Three

!
(8  Number of arrangements = 5%
Ix 3!

=30240[]

. a1
{b) cos ( tan EJ

tana:é— 5

5
COSQ === .
V26

6 =26°34'

@ @ Because the probability of a
girl is Y4. The probability of 3 girls is given by
Yxl xlh=1%

.. 7 1Y
(i) (E'*‘g)

P(4 fam3girls) = ’C, (-:-) (1)

8

= 0.006 (3 dec. pl)
(8)  Whenn=17"+3"=10 which is

divisible by 10[] -

(i3)

Assume true forn =4
7" +3%
10

=M (M is a pos. int)
7 =100 -3*

Provetrue forn=%+2

71352 = 49x 7H 4 9x 3#

=49><(10—3")+9><3"

=10(49 —4x 3)

(divisible by 10)
Since it is true for n =1 it will be true

forn=3,57..andalin
Question Four

(@  Prove that ZOMC =90°

In AOMC, AOMC;
OM is common.
CM =MD (given)
OC = OD (radii) _
InAOMC=AOMD (S.5.5)
S LOMC = ZOMD (corr. angles, cong. A's)
but ZOMC + £0MD =18 0%(straight angle)
5 LOMC = £Z0MD =90°
B F+y’=ly=x
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(iii)  The centre of all those circles lie on the perpendicular bisector of 45. This line

passes through (0,0) and is perpendicular to y=x. [thas m = -1 so is y = -x.
(iv)  Since the centre H lies on y = -x, it can be (u,-u). Now

HO® +0B* = HB®
2 2
1 1
u? ¥’ +[—] +(———) =7
2 \\2
2ut+1=7%

c{x=u) +(y-:~u)2 =2u’ +1
) (4—u)2 +(-~1+u)2 =2u® +1
w' —8u+16+u ~2u+1=2u"+1
-10u=-16

u=t
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Kincoppal-Rose Bay, School of the Sacred Heart
Mathematics Extension 1/Extension 2 Comimon Internal Ex

Question Five

@  ()°C,x‘C,=10x4=40

amination, 2004 - Solutions

lxlx:"(.','2 3

= — v iV
40 40

(ii) No. of committees =

g
® @ =6 and sing:l

I'd = 4:3

ra:zrsing':z;:s

r

—>d=2rsin-§

36’:85]3:12
2

319-Ssin~§=0

)  f(8)=30- Ssin—g- f(2.5)=-0.09188

f’(e)=3—4cos§ Sf'(2.5)=1.73871

6,6 - {(6&)
r'(8)
_p5_—0.09188

1.73871
=2552(3dp)

(i)  Yes since #(2.552) = 0.002 which is closer to 0 than f(2.55)
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Question Six

(a) T(Zt,z‘z) is a point on the parabola x* =4y whose vertex is O. N is the foot of the
perpendicutar from T to the x-axis. The perpendicular from N to OT meets OT at P,

2
3

@) N=(21,0)

t
OT)=—=~ v
(i) m(OT)=-==
4
y:'i'x
; 2
@) m(PN)=-=
y——0=-—%(x—2t)
ty=-2x+4¢
2x+ty—4t =0

v) To find the coordinates of P solve 2x+1y—4t=0 and y= %x simultaneously:

2x+t[ix]—4t"—;0. -
2 .

x(4+t2)=8t -

r & 4

_——Y——— = ———
T AR T aer

8t 4t
p=| = Vg
(4+1‘2 4+t"'J'

i

"W W N W W W
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i)  x=8_ L _4
. 4+ T air
2 2 \2 2
LHS:( 8:2)+ 4:2 _4_£_2_
441 4+¢ 441
641> 16¢* 2| 4+2

: =16t ———
(4] (@ef) | (aer]
_ 64t2+16t4—6421‘2-161‘4 =0
'(4+t2)

x2+y2—4y=0—>x2+(y—2)2=4

This is a circle centre (0,2), r = 2.
(vii)  Sketch the locus of P on your diagram.
; :
> i
10+ E
_ |
~10 5 0 X

(vii)) (0,4)

(b)  Theroots of x* +ax? +bx +c¢ = 0 are in arithmetic sequence. By denoting the roots as
a—d,canda+d

(1) a-d+a+a+d=—qa

3ao=—n : -
a=-?

(i) Since a= —%is aroot of 2a° —9ab+27¢ =0 then

~a’ +3a* -9ab+27¢ =0
2a° ~9ab +27¢c =0
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Question Seven

@  log,(2log, x)=1
2log, x=¢

logex=—e-
2

£
x=eg?

(b)

In the diagram above ABOP has a tight angle at O, O4 is 6 units, 4B is 2 units and ZBPA is @,

@) tancx=£—->a=tan“’(§J |
x x

tanﬂ=§—>,6’=tan“(—§]

X

N N

=pf-ox

6=tan" 2 41§
X X

@ O=tan? S8
X pa
a0 1 g 1 6

LT
I+ = I+ =

X x

—8 6 -

= +
64+x?  36+x°
de

— =0 ;

dx

.
"

1

1

-i
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-8 6
+ —
64+x* 36+x?
8 6

64+x"  36+x°
288+8x” =384 + 63
2x* =96
% =48

x=4.3

8

T 4J‘
tand = tan(tan"—j_-—tan 4J‘)

(i) @=tan™

Q:-o:: 2I' ®

6
3 43

6
X

43" a3

If

ol &!I"'N]%‘H

)
il

(iv)  As x—> 00,8 -0 so this cannot be the minimum value of g.

]
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